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1. /130 total points] (biology) Limnology 1s the study of i

studies in this branch of biology is pH, because the acidity of
determining the abundance of fish and other wildlife living in
site www.lenntech.com/aquatic/acids-alkalis.htm,

Unpolluted deposition (or rain), in balance with atmospheric
of 5.6. Almost everywhere in the world the pll of rain is lower
pollutants responsible for acid deposition (or acid rain) are sulfur
nitrogen oxides (NO,). Acid deposition influences mainly the pH of
freshwater lakes, streams, and ponds have a natural pl in the range
deposition has many harmful ccological cffects when the pH of most

falls below 6 and especially below 5. Here are some effects of increased
systems:

e As the pH approaches 5, non-desirable species of plankton and ne
to invade, and populations of fish such as small-mouth bass disapp

e Below a pH of 5, fish populations begin to disappear, the bottom k
undecayed material, and mosses may dominate near-shore areas.

e Below a pH of 4.5, the water is essentially devoid of fish.

You're a limnologist out in the field studying a lake — sufficiently re
in to get to it — and this lake looks like it may already have t
only pH measurement kit you could bring with you in your }
to give unbiased pH measurements that fluctuate around the
approximately normal distribution for its measurement e
this trip that you can’t bring water samples back with
in the field. I

You're wondering if the pH of the lake you're nmif
call any such lake threatened. You decide to take ¢
uncertainty about the lake’s status. .

This problem is about measurement error, so I
Before you've measured anything, let Y; be a
prediction of observation ¢, as ¢ runs from 1
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: s ause the only thing we get to observe
This model requires an act of imagination to formulate, because thl' tll“'“ things we can't observe;
(the number on the left side of the equation) is broken into the sum o

ally quite helpful.
you may therefore wonder at its usefulness, but (as we'll see) it’s actu lly q

d (in this problem. @ is the true pH ofthﬂ_;

. Vi being measure:
Let # stand for the true value of the thing being random st

. ) » the
lake): let b stand for the bias in the measurement process; and let the ¢, be tl
errors. Then symbolically equation (1) looks like

Y; = 0+ b+ e, e
= + (2)>- ]

11D random variables (this assump-

Y, = 8+b+¢es.

\ rgarded as
In the standard measurement error model. the ¢; are rega 1 in a logically independent .
tion is only reasonable if (i) the measurements are [)(‘rtﬂrl?"( ed in precisely the same way) with
and (ii) you try hard to ensure that each observation 1s periorm

' te standard deviation @.
mean ( (an\ mean otlm than 0 gets absorbed into the bias term) and fini
D(hll(\ s Z, 27 cllid(,, Z :Z?_l‘z

(a) Show that Y, = # + b + ¢,; show that V(&,) = Un‘ii and therefore show that E(i) = +c:
and V' (Y,) = Z. Intuitively, why is the variance of ¢, n times smaller than tb;: varml;l
of any of the e, going into ¢,? Show that your results in this part of the problem iy Y.
that Y,, only converges in probability to the truth 6 if b = 0. Show that the typical amount

RMSE(Y,) = +/E [(‘{’n - 6)2] by which Y, is likely to differ from 6 (RMSE stands ﬁor

mean squared error) is given by the Pythagorean expression
1 U o 5

RMSE (Y,) = {/ — + b2,

and that therefore this also only goes to 0 as more data accumulates if b

Suppose for the rest of this problem that the true pH of this lake m
actually threatened.

(b) If you take only a single water sample and process it wil
that you'll incorrectly conclude that this lake is threat

(¢) Youre not happy with the misclassification probabi
by taking n > 1 independent water samples fro:
their mean pH value Y;,. How large does n nee
concluding that this lake is threatened} 0.
probability model, including all of the
reasonable. [{0 points]

2. [140 total points] (medicine) H
chronically elevated. Persistent
heart [ailure and arterial an

was cstimated that 29%
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Figure 1: Scatterplot matriz for the variables before, after. and diff.

The estimate of the treatment effect with the completely randomized design would have
been A = B, — A where Bn= 2% _,Biand A, = 3" | A;. but notice that this
S b ey a y

1s the same as D, = MR ¢ 2 CIEETRTS - (Y3 Bl = (135, 4:). Let Ve
Ver denote the variance of D, under the repeated-measures and completely-randomized
designs, respectively; also let 0% and o3

a denote the population variances of B; and A;,
respectively, and define p £ p(B;, A,)). Show that

U] 8y
] = Oatop—2posop
Vey (Dp) = 4728 5

5ot

and Veg (D,) = Z4EES
n

ciency of the RM design when compared with CR

and that therefore the e

Ver (D, 0% + o2
e(RM,CR) & f‘*(_) = ;‘+ L
"I{M (Dn) (TA+G'B'-2PO'AO'3'
Show, using the data values in Table 1 and the correlations in
experiment RM was 5.0 times more cfficient than CR (and th
fact that CR used 2 n patients instead of the n patients in
(i) Does the effect of the drug scem to be constant across
tendency for the drug to have a larger or smaller e

3. [130 total points] (binomial and negative binomi
to sample from a Bernoulli process with unkn
binomial sampling: vou propose to
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.)ﬂ.ﬁxcdknawnnumbcrnzlofacmouujtmhinadm

x5

P (2) observe that many trials, and

ywage 4

*
(3) record the random number S of successes vou
8 § yOu see.

[ instead propose t 3
p 0 use negative binomial sampling: T'll watch the same process that vou do, but

I'n
1’ set ¢ 3 ]
(1') set a fixed known number s > 1 of successes in advance an d

(2') observe the Bernoulli trials ur ¢ SO0 CCOSSCS
he Bernoulli trials until I've seen s success
1y SUCCesSes.

(3') recordin
g the random number N of trials that were needed to get that mar

oblem below: if your S equals my § and my V

Question, to be answered by parts (a ) of this pr
usions about #7

eqt :
puals your n, should you and I draw essent jally the same concl
(n,8). so that your S h

(a) Briefly explain why vour probability model for § should be Binomial

{2 0
( 2 ) 0°(1 - 8)"" o np(8) -

fs(s|n0) =1\ ¢
_ 5. Show that £

se is therefore fp ==

and why a natural estimator of 8 for you to u
r that SE (é[}) 2V (03) = \/’i‘{—'l;
N

that 65 is unbiased: show furthe
of A should be approximately

under what conditions the distribution

ords the number of failures be

i

(b) Recall that if X rec fore the sth su
Binomial(s. @), with PE - D

folz]m0) = ( o H A )3'(.1-

(i) Briefly cxplain why the random N I'll obst
via the simple expression N = X +s5 [16

(ii) Show (hat the PF of N is

fu(n]s,0) =

(Hint: use Theorem 1.8.3
k=0.1...-; n, Z | [

=1 i

Notice how similar eq
more or less the sames
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MN) = £ and V(
x 7(X) to show that E(N) = §
B i u.:“ u;\ll(cl l‘h(‘h: )\\t-i(:h vour results about N to sl i
s{1-8) ¢ . ] ™. 0 the Delta 4 ‘ g " 3 ‘
U /10 points|. Then use e t SE (a,,,,) 2
]ﬂ f‘: ('f’i po) . 5. so that fivg is approximately unbiased, L e
that L (6yp) = #, so that ¢,

f8(1-8)

\ i (U‘\ b’) = Vi /20 points/.

Lo Delta Method - £ (fxa) >
(iv) Use Jensen's Inequality to show that — in a refinement to the De

b e an be shown (vou're not asked to
#, so that fyp is actually biased on the high side. It can lul bl}l()“rl{( (( J\ e ol
is) that E (2=L) = ; is fac : for a fixed observe _ .
show this) that £'(3=y) = ¢ (call this f“t. (*)1) . for large N — Oy p is indeed
(*) to show that the bias of fxp goes to 0 like +, so that or large .
approximately unbiased. /20 points/

)y and Oy p, is it true
(¢) Looking at the expressions for the means and standard errors (Sks) of 6’1., }dud 0‘:1‘;;1' ot
that you and I will come to pretty much the same conclusions about # with our )
related sampling methods? Explain briefly. /10 points/

4. [120 total points/ (public health) In one of the largest human experiments ever conducted, in 1954
a randomized controlled trial was run to see whether a vaccine developed by a doctcir named Jonas
Salk was effective in preventing paralytic polio. A total of 401,974 children ( ages 6-9), chosen t(.)
be representative of those who might be susceptible to the disease, were randomlzed- to two groups:
200.745 children (the control group C) were injected with a harmless saline solution (a placebo)
and the other 201.229 children (the treatment group 7") were injected with Salk’s vaccine.

(a) What was the point of giving saline solution to the children who didn’t get the vaccine?
Explain briefly. /10 points]

(b) In experimental design, double-blinding is the process by which neither the subjects
people running the experiment know the treatment-control status of the subjects at

the outcome of interest is measured for each subject. Would it have been possible t

experiment in a double-blinded fashion? Would it have been a good idea to
briefly. /10 points]

(¢) The results of the trial were as follows: 33 of the 201,229 children
developed paralytic polio, whereas 115 of the 200,745 saline hi
Or = miss = 0.0001640 and dp = e = 0.0005729 be the
the T and C' groups, respectively.  Does the difference betw
you in practical terms? Build a probability model for this
all assumptions you make and why they're reasonable, &
99.9% confidence interval for the population mean differes
groups. Sketch your confidence interval with (ég - 0} |
right endpoints, the center and the reference point of (),
significant at the 99.9% confidence lovel? What |
the Salk vaccine? Explain briefly. /70 points! A

(d) Your confidence interval skotel in (¢) shoule
between the left endpoint and 0, whic
finished — the designers of the rial
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,:fmcr than necessary. I t
~ which the trial was designed

Let n = (n¢c + nr) be the total sam
suppose that exactly 5 chi
incidences turned out tq precisely match the rates in the actual trial, what value of n
have been lecessary to make the left edge of the 99.9% confidence interval be just
positive? Show your wark. (This method is one way to perform sample size determir
at design time.) Do you think the designers of the Salk trial were stupid, or is thete _
other explanation for their retrospectively-unnecessarily-large sample sizes? Explain bri
[30 points]
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